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Abstract 

We propose that the structure of gauge theories, the (2, 0) and little-string theories 
is encoded in a unique function on the real group manifold Eiq(R). The function 
is invariant under the maximal compact subgroup K acting on the right and under 
the discrete U-duality subgroup E\q(Z) on the left. The manifold Eiq(Z)\Eiq(R) / K 
contains an infinite number of periodic variables. The partition function of U (N), J\f = 
4 Super- Yang-Mills theory on T 4 , with generic 50(6) R-symmetry twists, for example, 
is derived from the N th coefficient of the Fourier transform of the function with respect 
to appropriate periodic variables, setting other variables to the R-symmetry twists and 
the radii of T 4 . In particular, the partition function of nonsupersymmetric Yang-Mills 
theory is a special case, obtained from the twisted (2, 0) or little-string theories. The 
function also seems to encode the answer to questions about M-theory on an arbitrary 
T 8 . The second conjecture that we wish to propose is that this function is harmonic 
with respect to the £io(R) invariant metric. In a similar fashion, we propose that 
there exists a function on the infinite Kac-Moody group DEi$ that encodes the twisted 
partition functions of the Eg 5+1D theories as well as answers to questions about the 
heterotic string on T . 
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1 Introduction 

Over the past few years there has been an accumulation of discoveries indicating that gravity 
and gauge fields are different facets of the same theory. On the one hand, gauge theories 
are realized as low-energy descriptions of D-brane |2j dynamics. On the other hand, the 
S-matrix of certain flat vacua of M-theory can be mapped to questions about the large N 
limit of gauge theories H, |], |], H (and see @ for preliminary results). 

In this paper we are going to propose a construction for a generating function for the 
partition functions of Yang-Mills theories as well as higher dimensional generalizations on 
tori. Let Zn be the partition function of a U(N) Yang-Mills theory on T 4 (ignoring for the 
moment details like electric/magnetic fluxes and twists). Also, let Z Q be a quantity that will 

be specified later. By "a generating function" we mean, 

00 

Z((f>) = e~ m Z N cos N<f>. (1) 

N=0 

2 



Here is periodic with period 2ir and t is a positive real number that was added for con- 
vergence. This partition function is a special limit of a more general question, namely the 
partition function of the (2,0) theory on T 6 , and the latter is a special case of an even 
more general question about the partition function of the 6D little-string theories || with 
M = (1,1) or M = (2, 0) supersymmetry. These theories have a positive integer parameter 
N, like U(N) Yang-Mills theories, that can be used to construct the generating function. As 
it stands, ([[]) is ill-defined for the (2, 0) and little-string theories because these theories have 
a noncompact moduli space of vacua and without further modifications the integrals that 
define the partition functions on T 6 are divergent. We will therefore modify the definition of 
the partition function by adding R-symmetry twists. The generating function for partition 
functions ([!]) now depends on the shape and size of the T 6 , the values of the twists and the 
phase (p. We will argue that these parameters can be naturally embedded inside an infinite 
dimensional manifold, 

M = £ 10 (Z)YMR)/K, 

where -Eio(R) is the infinite dimensional group constructed from the infinite dimensional 
Generalized Kac-Moody algebra where K is a maximal compact subgroup. We propose 
that there exists a Master-Function H(£) defined for £ £ M. which encodes, among other 
things, the partition functions of Yang-Mills theories. We will also argue that the "quiver" 
theories of || can be read off from such a S. 

We propose to construct H as follows. Start with M-theory on T 9 . The transverse space 
has an 50(2) rotation symmetry and we can define 9 50(2) twists along the cycles of T 9 . 
We propose that for generic irrational twists the partition function of M-theory on such a 
space is well defined and not identically equal to 1. The partition function depends on the 
size and shape of the T 9 as well as on various fluxes along it. It also depends on the 50(2) 
twists. We will argue that the parameter-space of the geometrical 50 (2)-twists should be 
augmented with (formally) all of the U-dual twists and that together they form the manifold 
Ai. The partition function of the little-string theory at rank N can be read off from log(H) 
by (slightly oversimplifying) extracting the contribution of an instanton made by wrapping 

2 We will henceforth refer to Generalized Kac-Moody algebras simply as "Kac-Moody" algebras. What is 
sometimes referred to in physics as "Kac-Moody" algebras is really an "affine Lie algebra" which is a special 
case of Kac-Moody algebras. 
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iV M5-branes along T 9 and by taking the limit that all the radii except 7 become infinite. 
These 7 radii correspond to the size of T 6 on which the M5-branes wrap and the size of 
another circle that will play the role of the type-IIA dilaton for the construction of the 
little-string theory. It will actually turn out that in order to incorporate the twists we 
need to immerse the N M5-branes inside an instanton made by wrapping a Kaluza-Klein 
monopole around T 6 and further immerse all of that inside an instanton that can be defined 
algebraically by formally wrapping a D8-brane of type-IIA. One can isolate the contribution 
of this configuration because each instanton couples to a flux of its own that is a periodic 
variable inside Ai and can be Fourier transformed. 

We can now reveal the (conjectured) identity of Zq in flU), or rather its analog for the 
little-string theories. We propose that it is the "gravity-part" of the partition function of 
M-theory on T 7 with twists in the Spin(4) which rotates the transverse space. By "gravity- 
part" we mean the contribution without the M5-brane instantons. It therefore seems that 
the Master-Function 5 also encodes information about the S-matrix of massless particles in 
M-theory on T 8 . 

Finally, based on the leading behavior of the instanton terms, we will conjecture that S 
is a harmonic function on Ai with respect to the -E'io(R) invariant metric and that for the 
appropriate boundary conditions, namely to vanish at the various decompactification limits, 
it is unique. 

The paper is organized as follows. In section (2) we discuss the twisted field-theory 
partition functions. In section (3) we introduce the partition functions of M-theory on a 
twisted space. In section (4) we review some basic facts about finite Kac-Moody algebras 
and their related groups. In section (5) we will review the relation between the positive 
roots of .Eg an d the instantons of M-theory on T 8 . In section (6) we review some basic facts 
about infinite Kac-Moody algebras. In section (7) we discuss the relevant properties of Eg 
and Eio in relation to M-theory. In section (8) we present the algebraic formulation of the 
conjecture and in section (9) we conclude with a discussion and suggestions for extensions 
of the conjecture. 
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A bibliographical note 



The group E w was introduced in JT0[ as a generalization of the moduli spaces of supergravity 



to lower dimensions. Evidence for this suggestion was given in |TT[ . The T-duality group in 
complete compactification of string-theory with a compact time-like direction was studied 
in |r2| . The discrete subgroup E W (Z) was proposed as a U-duality group of M-theory on 
T 10 in [ 13(1 . The maximal compact subgroup of -Eio(R) was described in |14[]. In that paper 



the coset space £'io(Z)\£' 10 (R)/K is also discussed, though the interpretation is different 



than ours. A progress in understanding the representation of E\q was made in [15, 16 1. The 



relation between E 10 and M-theory has also been studied in |L7], IT5L [19 



In a different context, E\q has recently discussed as a classifying symmetry for the spec- 



trum of compactified 6D (1,0) theories |20], Also, in [22[ another infinite dimensional 
Kac-Moody algebra appeared in the context of counting BPS states. 

Recently, somewhat similar generating functionals for Chern-Simons theory have been 
developed in [^|-|[26||. Also recently, lower dimensional compactifications of M-theory, their 
limits and their U-duality groups have been studied in |27] . 



The study of instanton terms in M-theory is an active area of research pq|-[i3|. The har- 



monic equation for the instanton terms has been proposed in [^J for 9+1D type-IIB and later 
generalized to lower dimensions. It has been proved in 9+1D in |39|] using supersymmetry 
(see also 



2 The twisted "field-theory" partition functions 

In principle, one can recover the spectrum and S-matrix of a field-theory from the partition 
function of the theory on T 4 . Let this partition function be Z(Rq, Ri, R2, R3) where Ri 
are the radii of the cycles and we assume that T 4 is of the form, S 1 x ■ ■ • x S 1 . Non- 
supersymmetric Yang-Mills theory, for example, would have a discrete spectrum on T 3 and 
by expanding Z asymptotically as Rq — > 00 one can read-off the energy spectrum of QCD on 
T 3 (in a given sector of fluxes). In the limit, Ri — > 00, one should be able to recognize the 
spectrum as the free Fock space of the glueballs. The splitting between energy levels is of 
the order of R~ l and the corrections to the energy of, say, a 2-particle state is proportional 
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to V 1 where V = R\R2Rz- As Ri — > oo the 1 corrections are much smaller and therefore 
the S-matrix can also be read-off from these corrections and hence from Z. 

The theories that we are interested in require a slight modification. Let us take for 
example U(N) SYM with M = 4 supersymmetry. The partition function on T is not a 
good object because: 

• After compactification on T 3 , the moduli-space R 67V / Sn of the 3+1D theory would give 
rise to 6iV non-compact integration variables. 

• Even if we worked with M = 1 SYM, which has no moduli, the partition function would 
still not be useful because it will just equal N - the Witten index MM. 



The solution to the problem is to impose twisted boundary conditions (see also the related 
papers |I4|-[4~S|). The M = 4 theory has an SU(4) R-symmetry. We can now define, 



Z N (Ro,...R 3 ;g ,...g 3 ), G 577(4), i = 0...3, 

to be the partition function of U(N) M = 4 SYM on S 1 x S 1 x S 1 x S 1 such that the 
periodicity conditions on the fields are given by go, . . . , g 3 . This means that as we go around 
the i th S 1 the fields are rotated by gi G SU(A). The requirement on the g^s is that they 
should be mutually commuting. Hence, they can be taken to be inside a Cartan torus 
gi G T = TL 3 /T(A 3 ), where r(A 3 ) is the root lattice of SU(4). On top of that, we have 
to mod out by the Weyl group W = 64 C S77(4). Let us also take a generic T 4 that is 
parameterized by a point in, 

SL{4, Z)\GL(4, R)/SO{4). 

Thus, the parameter space for Zn is, 

Msv = SL(4,Z)\((T 4 /S 4 ) x GL{4, R))/SO(4). 

Here h G SL(4, Z) acts on g G GL(4, R) as g — > h o g and on T 4 it acts in the fundamental 
representation 4, with T treated as a Z-module. The Weyl group S4 acts on all four T 
factors simultaneously. 

For generic twists, the moduli fields are no longer zero modes and supersymmetry is 
broken. Therefore, Zn(£), for £ G M-su, is a non-trivial function. 
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Similarly, we can define the partition function of the (2, 0) theories on T 5,1 with Spin(5) 
twists. In p5|| , it has been argued that the (2,0) theory compactified on T 2 , with a twist 
that is the element (—1) G Spin(5) along the large cycle of T 2 , approaches ordinary non- 
super symmetric QCD when the complex structure, r, of T 2 is taken to infinity. Thus, the 
analogous function for the (2, 0) theory encodes the spectrum of ordinary QCD. 

We can even go up one step to the little-string theories || . In light of |49| , the spectrum 



of the little-string theories on T 5 is probably not discrete (see also |7], [50| for related issues), 
it is likely that the twisted partition functions are well-defined - they just do not have 
a discrete Fourier expansion in time. 

The twisting of the little-string theories actually involves more parameters than just the 
geometrical ones. In []46|1 , it has been argued that because the little-string theories have 



the T-duality property, one should also consider the T-duals of the twists. The twists are 
commuting elements of Spm(4) = SU(2) x SU(2). Altogether, the twists and their T-duals 
form the representation 2d of the duality group SO(d, d, Z). The cartan torus is now simply 
S 1 x S 1 and the Weyl group is Z 2 x Z 2 . Thus, it is natural to conjecture that the full 
parameter-space is, 

M LS = SO(6, 6, Z)\(((S : x S 1 ) 12 /(Z 2 x Z 2 )) x (SO{6, 6, R)/SO(5, 1))). 

We have a partition function Z N (£) for £ e M. ls an d iV 6 Z + . We have seen that expanding 
it in special asymptotic limits in Aiis reproduces the spectrum of QCD and of many other 
theories. 

In the next section we will argue that all the functions can be encoded in special 
asymptotic limits of a single "Master-Function" H and this function also encodes gravity. 



3 Twisted toroidal M-theory partition functions 

We will now propose a construction of M-theory partition functions using a similar idea as 
in the previous section. We will later argue that these functions are the generating functions 
of the field-theory partition functions. 
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3.1 Twisting M-theory 

Let us start with M-theory on T 6 ' 1 x R 4 and add a twist. Thus, we choose 7 commuting 
elements gi of Spin(4) = SU(2) x SU{2) and postulate that as we go around one of the 
cycles of T 6 ' 1 we have to rotate R 4 by the appropriate group element. We have thus replaced 
T 6,1 x R 4 with an R 4 fibration over T 6 ' 1 . Let us denote this space by Y. For generic twists, 
the supersymmetry is completely broken. We would like to propose that there exists a 
well-defined partition function S 7 of M-theory on Y which is a function of the g^s and of 
the moduli of T 6,1 . We will describe in more detail what E 7 is a function of later on. 

The heuristic argument for the existence of the partition function goes as follows. The 
space Y is unbounded so in principle the partition function could be infinite. However, this 
particular space Y behaves in a special way at infinity. Let us take the Euclidean version of 
Y, let x be a coordinate on T 7 (instead of T 6 ' 1 ) and let y be a coordinate on the R 4 - fiber. 
Let us also assume that none of the twists gi is "rational" (i.e. there is no integer n such 
that <7™ = 1). Then, given any arbitrarily large A we can find a A' such that any point with 
||y|| > A' has an 11-dimensional ball B u of radius A that surrounds it and such that the 
metric in B 11 is flat and no two points inside B 11 are identified. If there are k rational twists, 
the statement has to be modified by replacing B n with B n ~ k x T k where T fc is of fixed size 
and shape. In any case the point is that, asymptotically, the space Y looks locally like flat 
pii-fc x Because of supersymmetry, the action of M-theory on R n ~ fe x T k is identically 
zero. Thus, the main contribution to the action of M-theory on Y is localized in the region 
around the origin y = of the fiber R 4 . The contribution of points with very large values 
of ||y|| can only come from non-local effects like large loops of particles and we assume that 
these effects are negligible as ||y|| — > oo. 

3.2 A closer look at the twists 

What is the parameter-space on which E 7 is defined? As defined, E 7 is a function of the 
moduli, 

g e E 7 (Z)\E 7 (R)/SU(8), 
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of the T 7 and of the 7 twists, go . . . g%, which can be taken in the toral subgroup U(l) xU(l) C 
Spin(4:) subject to the overall Z 2 x Z 2 Weyl-group identification. However, if we act with 
an element of the U-duality group E 7 (Z), a geometrical twist does not necessarily transform 
into a geometrical twist. Thus, just like the 77-twists of the little-string theory (see [PS[]). 
the parameter-space of the twists is actually larger. To see what it is, let us assume that 
all the twists are "rational" (i.e. that there is an integer n such that gf = I). In this case 
we can think of the space Y as obtained by modding out the background T 7 x R 4 , by a 
finite abelian group A. Here T 7 is a torus which is n times larger than the original T 7 in 
all directions. A is generated by 7 generators g' u where g\ acts simultaneously as gt on the 
transverse space R 4 and as a shift in the i th direction of T 7 . Another way of saying the same 
thing is that in the original T 7 , a state with some U(l) x U(l) C 5*pm(4) charge (rotations 
in the transverse R 4 ), has fractional momentum in T 7 and the twists relate the non- integer 
part of the momentum to the Spin(4) charge. 

The 7 components of the momentum in T 7 are part of an E?(Zi) multiplet of 56 charges. 
Thus, we see that the natural way to make the parameter-space U-duality invariant is to 
postulate a U(l) x U(l) C Spin{<i) twist for every one of the 56 charges. We will assume 
(without proof) that all these twists have to be commuting and that the Z 2 x Z 2 Weyl group 
acts simultaneously on all of them. Thus, the parameter space is, 

M = E 7 (Z)\ (((17(1) x f/(l)) 56 /(Z 2 x Z 2 )) x (E 7 (R)/SU(S))) . (2) 

Here, E 7 (Z) acts on all the factors simultaneously. 

In addition to the 7 geometrical twists there are now 21 twists corresponding to fractional 
M2-brane charges, 21 twists corresponding to fractional M5-brane charges and 7 twists corre- 
sponding to fractional KK-monopole charges. The extra non-geometrical twists are defined 
as U-duals of the geometrical twists. For example a twist that corresponds to fractional 
M2-brane charge in directions 1, 2 can be defined as the limit of M-theory on T 3 x T 4 with 
T 4 large and T 3 very small and with a geometrical twist in the 3 rd direction. An interesting 
question might be whether these twists have another low-energy description without using 
U-duality. The twisting by the KK-monopole charge seems to be a particularly interesting 
case because, for large radii, it might be possible to describe it with some unconventional ge- 
ometry. For large radii, a KK-monopole can be described as a smooth geometrical solution. 
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The KK-monopole charge with respect to the, say, 7 th direction in T 7 corresponds to the 
first Chern class of the circle bundle that the S 1 (in this 7 th direction) makes over an S 2 that 
surrounds the KK-monopole at infinity. A fractional KK-monopole charge means that the 
first Chern class is fractional if it comes with a state that is in a non-trivial representation of 
the transverse Spin(4). It is interesting to note that fractional Chern classes naturally arise 
in the context of noncommutative geometry [56, 57] and it might have something to do with 
this kind of twist. 



3.3 Instanton expansion 

We will now argue that 5 7 , as defined above, encodes all the partition functions Z N of 
the twisted little-string theories (and hence also ordinary non-supersymmetric Yang-Mills 
theories) . 

To see this, let us take T 7 in the form T 6 x S 1 and let US, clS db preliminary step, shrink 
S 1 to zero size, keeping T 6 finite in string units just as in ||. Let us also set the twist 
along S 1 to zero. We obtain weakly coupled type-IIA on T 6 with transverse- Spin (4) twists. 
However, S7 also depends on the 6-form (dual to the NSNS 2-form) flux along T 6 . This flux 
is a periodic variable in (|2|) (at least if we keep the 5pm(4)-twists to be geometrical or take 
50(6,6, Z) T-dual 77-twists). Let us call it (p. 

What is the Fourier transform of log(S 7 ) with respect to 0? Imagine an instanton made 
out of N NS5-branes wrapped on T 6 . If we assume that the twists are irrational, then the 
NS5-branes are pinned to the origin of the transverse R 4 . (If, to the contrary, there exists an 
n G Z + such that = I for all i = ... 6 then a configuration of n NS5-branes can separate 
to infinity.) Such an instanton will be accompanied by a factor []5l], [5l| , 



Z N e 



-N(X;+i4>) 



where A is the string coupling constant and V is the volume of T 6 , in string units. The 
prefactor Zn is precisely the partition function of the twisted little-string theory. There is 
a subtlety about the treatment of electric and magnetic fluxes, but that will be discussed 
later on. For the time being we note that the type-IIB little-string theory has a low-energy 
description of 5+1D U(N) SYM and hence sectors with specified electric and magnetic 
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fluxes. The type-IIA little-string theory also has tensor fluxes [|3j and a detailed description 
of the different sectors is given in The electric and magnetic sectors can be read 

off from S7 if we Fourier expand in the NSNS 2-form fluxes along T 6 . The reason is that 
an electric/magnetic flux along a face of T 6 couples to the appropriate 2-form flux. We will 



return to that point in subsection (|5.?1 ). 

Similarly, by taking other limits of the parameter space and expanding in different peri- 
odic variables one can recover the partition functions of other branes. (Of course, one can 
recover them from the Zj^ as well.) 



3.4 Possible singularities of H7 

The above discussion might have given the misleading impression that S7 is a smooth func- 
tion. We will now argue, to the contrary, that S 7 in fact exhibits a very pathological behavior. 
Let us first discuss the possible singularities of S7. Our central assumption above was that 
the action of M-theory on Y is concentrated on a region of finite volume. This assumption 
fails in the following case. Suppose all the twists ^ preserve a vector in the representation 4 
of Spin(A). This means that there is a direction in the transverse space, R 4 , which does not 
participate in the twisting. Thus, translational invariance along this direction is preserved 
and the partition function will be multiplied by the infinite length of this direction. 

There is another situation which is potentially dangerous too. Suppose all the twists gi 
are rational but nonzero. There is an integer n such that gf = I for i = ... 6. Let H 
be the subgroup of Spin(4) generated by all the g^s and let m = ordif, the number of 
elements in H . The problem arises because an instanton made out of m branes wrapping 
some cycle of T 7 can separate into m branes which occupy an orbit of H in R 4 . Because the 
separation mode is noncompact there is the potential danger that the contribution of this 
particular instanton will diverge. However, it seems that this problem is actually averted 
as follows. When the branes are separated by a large distance in the transverse R 4 we can 
neglect the modes coming from strings or membranes connecting different branes. The m 
branes actually form one large connected brane in the covering space. In any case, the brane 
which is far away on the transverse R 4 is described, to a good approximation, by a theory 
with 16 supersymmetries because the twist does not have a fixed point at the position of the 
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brane anymore. Thus, the contribution to the instanton from these separated configurations 
is likely to converge. 

It is intriguing to note the resemblance with a situation that occurs frequently in non- 
commutative geometry. Take a non-commutative gauge theory on T 2 for example. For 
rational non-commutativity parameters it can be mapped to a commutative gauge theory 
on a smaller T 2 but with a larger gauge group and with some magnetic flux (see |56| , [57|). 
On the other hand, the rational points can always be described as limits of the irrational 
points. (See also f58fl .) 

Finally, there is a case which seems certain to lead to a singularity of H7. This is when 
one of the twists is the element (—1) G Spin(4). In this case, the twist is by the fermion 
number (— ) F . For a Euclidean space-time, such a twist is associated with having a finite 
temperature. Even if the other twists are irrational, the partition function is very likely to 

2j + l • 

diverge. This problem occurs whenever the twist is of the form e^rr m ; for j, k G Z. For a 
recent discussion on the behavior of string theories in finite temperature see [|B0| . 

It might seem that because of the erratic behavior of H7, it is ill-defined. To argue to the 
contrary, let us give an example. Take, 

00 N 

f{ qtZ = T e»)=Y tT —», N<1- (3) 

N=l 1 1 

This function has a pole in q, for q = e^ wl (and integer k, I). These points are dense on the 
circle \q\ = 1. On the other-hand, if q = e Xnl and A is an irrational number, the function can 
be well defined. For example, for A = a/2, one can easily show that for all k, I G Z + , 

r- I 1 

1 ~F > 272fc 2 ' 

and therefore (|3]) converges for \z\ < 1. A similar argument holds for any algebraic (i.e. 
a root of a polynomial with integer coefficients) irrational A. Furthermore, if we Fourier 
decompose f(q,z) for fixed \z\ and with respect to <ft — argz, then for fixed N we get the 
function 1/(1 — q N ) which is smooth except for N singularities. Also, if we extend the 
definition of f(q,z) for \q\ < 1 we get a well-behaved function. 

What is the moral of the story? If q is the analog of the twist and argz is the analog of 
the phase that couples to the NS5-brane then, 
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• It is plausible that S7 is well denned for all irrational twists and that its Fourier trans- 
form that extracts Z N makes sense. 

• It is plausible that by extending the definition of S, by finding an extra parameter 
that is the analog of \q\, we get a smooth function. Below we will propose that this 
parameter completes the domain of the function to a coset of the E w group manifold. 

3.5 Higher dimensional tori 

Can we extend this construction to T d with d > 7? In particular, can we trade some of the 
twists with moduli of T d ? 

Let us start with the case d — 8. The transverse space is R 3 and all the twists are 
in Spin(3) = SU(2). However, in this case we face one of the problems discussed in the 
previous subsection - a problem that arises whenever (11 — d) is odd. Commuting elements 
of Spin(3) always have a common eigenvector in the representation 3. This means that 
there will always be a direction in the transverse R 3 which is preserved by all the twists and 
hence translational invariance along this direction is preserved. The partition function will 
therefor have an infinite factor coming from this direction. 

The reasonable thing to do is therefore to compactify that direction as well. We end up 
with M-theory on T 9 with Spin(2) = U(l) twists of the transverse R 2 . 

M-theory on T 9 is a two-dimensional theory and behaves drastically different from the 
higher dimensional toroidal compactifications. For one, the lengths of the sides of T 9 , as well 
as the fluxes along it, are no longer moduli but are fluctuating fields. The usual questions 
that we ask in 2+ ID and higher, i.e. what is the S-matrix of massless and massive particles, 
no longer make sense. For one, there are probably no massive stable particles below 3+1D 
and moreover, in 1+1D the theory is conformally invariant. I do not wish to imply that there 
are no interesting questions in 1+1D but we probably have to work harder to find them. 

Going back to our setting, we recall that the usual argument for why there are no moduli 
is that small fluctuations in 1+1D have correlation functions which behave like logr and do 
not fall off with distance. However, our setting is not really two-dimensional! As we have 
seen above, for generic irrational twists, the points far out at infinity can be surrounded with 
an arbitrarily large 11-dimensional ball. Thus, it is plausible that the lengths, angles and 
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fluxes of the T 9 are stable. They are determined by the boundary conditions at infinity. Let 
us therefore assume that such a partition function, Hg, exists. 

One can show that the partition function S7 of M-theory on T 7 with Spin(A) twists is 
encoded in Eg. We can decompactify two sides of T 9 to get T 7 but at first sight it seems 
that the twists are restricted to be in a Spin(2) C Spin(4) subgroup. How can we turn on 



the other parts of the twists? The solution is the same one that was used in [48|. We first 



note the following (see [48] for more details). Take M-theory on a large S 1 and write down 
the classical solution for a Kaluza-Klein monopole which is homogeneous in 6+1D and has 
3 transverse directions other than the circle. At the origin of the solution the translations 
along S 1 get mapped to a U{1) subgroup of one of the SU{2) factors of the 5*0(4) rotation 
of the tangent space. More precisely, there is an isometry of the space which at infinity acts 
as translations of S 1 and at the origin acts on the tangent space as a twist in one SU(2) 
factor. There is also another S0(3) isometry group that rotates the transverse R 3 at infinity 
and acts as the second SU{2) factor (or rather the diagonal subgroup of the two SU (2)'s) 
at the origin. 

Thus if we compactify on T 7 x S 1 x S 1 with U(l) twists and take the radii R?,R$ of 
the two extra S^s to be much larger than the size of T 7 and much larger than the Planck 
length M~ , and if we also take R$ ^> R7 then we can read off S7 with generic Spm(4) 
twists as follows. We separate from Sg the part that has a Kaluza-Klein (KK) monopole 
with respect to the first S 1 factor (of radius R-?). The KK-monopole is required to be filling 
T 7 . Up to a minor subtlety that will be discussed later on, we isolate this part from S g 
by Fourier decomposing Sg with respect to the phase \ which couples to the KK monopole 
(i.e. the 2+1D dual of the field 5^7). Note that the tension of the KK monopole is RjM® 
which is much larger than all the other branes in this limit. Thus the fluctuations of the 
KK-monopole itself are negligible in this limit. The missing twists (in the missing SU(2) 
factor) are simply rotations in the S 1 as one goes around cycles of T 7 . Moreover, as in ||48|| , 
we can obtain the (2, 0) and little-string theories of M5 and NS5-branes at A q _i singularities 
dTJ, |61] by taking q KK-monopoles instead of one. In our case, these come with a phase e iqx 



and can be read off-from S 9 by a Fourier decomposition. One can obtain the quiver theories 
of by compactifying these 5+1D theories on a small T 2 . 
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3.6 From E 9 to E m 

At this point the function Sg depends on the parameter space which heuristically looks like 
the moduli of T 9 and the periodic twists. In higher dimensions, we saw that the twists are 
related to the charges of M-theory on T d . Let us digress to discuss what happens to the 
moduli space of M-theory on T d when we add circles (to the moduli space) corresponding 
to periodic variables which are labeled by the charges. The moduli space is of the form 



i?rf( ( i)(Z)\£ , d( ( i)(R)/K where K is a maximal compact subgroup of Ed(d)(R) [0, [HJ. Math- 
ematically, adding the periodic variables can be achieved by going from d to d + 1, i.e. by 
compactifying on an extra S 1 and identifying the periodic variables with Wilson lines along 
the extra S 1 . There is also one extra variable - the size of S 1 which we will set to infinity. 

In our case we would like to say that S 9 depends on i?g(R)/K 9 and the extra periodic 
variables corresponding to the twist. Because the dimension is so low, it is not clear what are 
the possible twists. Our rule that there is a twist for every charge in M-theory on does 
not apply here because in 2+1D and lower there are no BPS charges for local symmetries. 
However, according to the above discussion there is a natural conjecture. The space A4g, that 
is heuristically Eg with periodic variables corresponding to "charges", should be identified 
with, 

£io(Z)\£ 10 (R)/K, (4) 

where K is the maximal subgroup of E\q\ The mysterious E\q group has appeared in con- 
jectures about M-theory in [II], O, |T^, K2, ^3] and more. This infinite dimensional group 



appears in discussions about M-theory on T 10 . However, when one talks about M-theory on 
T 10 , the notion of "moduli-space" is not well-defined and it is not completely clear to me 
what exactly E w means in that context. 

In our setting we appear to be avoiding this problem because the M-theory background 
is actually 11-dimensional (for generic irrational twists). Because points which are far out in 
space-time can be surrounded by arbitrarily large balls, the correlation functions for small 
fluctuations around VEVs are not 2-dimensional and do fall off. 

So, we end this subsection with the conjecture that there exists a certain function H on 
(fD that encodes all the partition functions of gauge theories, (2, 0) and little-string theories 
as well as some information about S-matrices in M-theory on T d for d < 8. 
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Later on, we will conjecture that this function satisfies an (infinite-dimensional) Laplace 
equation VS = similarly to [56]]. 



3.7 An example 

We will end this section with an example of the partition function of a field theory on a 
space with a geometrical twist. We will study the partition function of a free scalar field on 
an R 2 bundle over T 2 with two twists, 

0i,02 e £7(1), 9i = e^. 

£7(1) here is the rotations of the fiber R 2 . Because R 2 is non-compact we need to regularize. 
One way to try to regularize might be to replace R 2 with a large S 2 of radius R and then 
divide by two because of the contribution of the two poles, however I was not able to proceed 
with this approach. Instead, we will propose another regularization. Let us set a,\ = 0, for 
simplicity, and let us assume that a 2 is an irrational number. The partition function is then, 

Z = tr{e- R * H n( a2 )}, 

where H is the Hamiltonian and Q is the operator of rotation of the fiber R 2 . Now let us 
expand in a Fock space of free particle states with definite momentum along R 2 . We get, 

OO 

J2~ J2 e~ T ^2 lp i l (p 1 ,P2,...,Pr\ttp u np 2 ,...,ttp r ) 
r=0 T - PlvPr 

Because a 2 is irrational, the only way that the matrix element will not vanish is that all 
Pi = 0. (For rational a 2 — |, it is possible to have a nonvanishing matrix element if r is a 
multiple of q.) For r = the scalars contribute 1. Using, 

1 



J d 2 k(k\n(a)k) = det(I-fi) 



-i 



a ■ 2 : 

4 sin txol 

we obtain the single particle (r = 1) contribution for scalars, 



k 

->2 



where r = T\ + ir 2 is the complex structure of the T . Now let us analyze the 2-particle 
states. We have, 

1 



^ ki,k2 



e 



-(|fc|l + |fc|2)r 2 +j(fci+fc 2 )n 
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1 d 2 Pl d 2 P2 (s^( Pl - n Pl )5^( P2 - n P2 ) 

= Udet(I-tt)- 1 Y l e-W n - ikr >) +-det(I-n 2 )- 1 ^2e' 2lklT2 - 2tkTl . (5) 

2 V k J 2 k 

Let us denote, 

Fi°\a,T) = det(I - n(a) n )- 1 2'e- n|fc|7a - infcn . 

Note that we have excluded the fc = term from the sum. This term is the contribution of 
the zero mode of the scalar field (since the momenta in the R 2 direction are also zero) and 
we have to exclude it since we have fixed the VEV. Now, for the r-particle sector, we should 
choose a permutation in S r with 07 cycles of length /, 



1 



The contribution of this permutation is, 



' • 1 



The number of such permutations is, 



7*' . TM 

n(a-i)T 



Thus, the contribution of the scalar fields to the regularized partition function is, 



Note that F n (a) has a pole for a = ^. For generic irrational a the sum J2 probably 
converges. Even though transcendental numbers can approximate rational numbers faster 
than any power, that is, for any c there exist arbitrarily large TV's such that \ e 2mNa — \\ < -L 



the exponential term in Fi can suppress the large det 1 (1 — £l N ). 
Twists along both cycles 

Now we change to a basis \k,m,q) where m is the angular momentum along the fiber R 2 
and q > is the radial momentum. The energy of the state is, 



£(k, m, q) 



„ fk + maA 2 
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The states are normalized as, 

(k',m',q'\k,m,q) = -<WA'fc<V-<2'> 
q 

so that the identity operator is, 

I = EE / qdq\k,m,q){k,m,q\. 

m k 

The operator Qe~ RiH is diagonal in this basis and the partition function becomes, 

log z = r% Yl I i d( i lo s f 1 - e -^ q2+{k+mai)2 ^- ikTi - ima2 \ . 

m k J ^ ' 

We will not discuss modular invariance here, but in general we can work only with regular- 
izations that give a modular invariant result. 



4 Lie algebras and Lie groups 



The moduli space of M-theory on T d (with d < 8) is given by the coset [13 

^d(d)(Z)\£ , d( t i)(R)/K, 

where K is the maximal compact subgroup. We will now review some mathematical facts 
about these cosets and their relation to the moduli spaces of M-theory on T d . 

We will start by reviewing the construction of Lie algebras and Lie groups (see for instance 
[|64]j ). We will also explain the distinction between the compact and noncompact real versions 
of the groups. We will use Eg and E 8 r 8 \ f° r demonstration. 



4.1 Roots and Chevalley generators 

The Lie algebras of both Eg and Egrg) contain 248 generators r a (a = 1 . . . 248) and if we 
allow combinations with complex coefficients the two complexified Lie algebras are the same. 
This means that there is a 248 x 248 matrix with complex coefficients which transforms the 
commutation relations of Eg to those of E 8 r S ) but there is no such map with real coefficients. 

Let us describe the complexified Lie algebra first. It has a root lattice A C Ti* = R 8 
given by (v% . . . Vg are orthogonal unit vectors in R 8 ): 

A = {±Vi ± Vj, - (±f i ± v 2 ± • • • ± Vs) (even number of minuses)}, (6) 
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and the 240 simple roots are given by 

II = {ai=v 2 -v 3 ,a2=v 3 -V4,a 3 = v 4 -v 5 , 
a A = v 5 - t> 6 , a 5 = v 6 - v 7 , a 6 = v 7 - v$, 

a 7 = ^(v 1 -v 2 v 7 + v 8 ),a 8 = v 7 + v 8 }. (7) 

For future reference we also write down the highest weight, 

6 = v i + v 2 = 2«i + 3a 2 + 4a 3 + 5a4 + 6a$ + 4a 6 + 2a 7 + 3a 8 . (8) 
The Lie algebra is generated as follows. We take the dual TL = R 8 and choose basis vectors 

a 1 , . . . , a 8 e n, 

such that 

(lij = (cKj , Otj) , 

is the Cartan matrix. We now define 8 pairs of Chevalley generators 

ei, fi, ■ ■ ■ , e 8 , fs 

with the commutation relations, 

[e h fj] = Sijay eH, i, j = 1 . . . 8, 
[h,ei] = (aii,h)ei, hen, i — 1...8, 
[h,fi] = -(oi,h)fi, hen, i = l...8. 

(9) 

We supplement the relations with the conditions that for i ^ j, 

(ade^-^e^O, (ad = 0, 

where "ad a;" is defined by, 

(ndx) k y = [x, [x,---[x, y] ■■■}}. 

v ' 

k times 

We can also separate the generators r a into positive (r +a ), negative (r~ a ) and those 
belonging to the Cartan subalgebra (V). For E$ we get 8 + 120 + 120 generators as follows, 

T l = a^, i = l...8, r +a , a = 1...120, r~ a , a = 1 . . . 120. 
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In our notations a G A + will always be a positive root (a combination of ol\ . . . ol% with 
positive integers) and —a G A_ will be a negative root. 

The commutation relations are derived from 
Also, for the simple roots, 

T^=e l} T- ai = f i , 2=1. ..8. 

4.2 Reality compactness and maximally split form 

To describe the real groups Eg and Eg(g) we have to specify what are the restrictions on the 
248 coefficients q, c a , c_ Q such that an expression of the form, 

i=l «eA+ 

will be a generator of the corresponding real Lie algebra. We will then define the real group 
to be represented by the matrices e T (in the adjoint representation). 

To specify which coefficients correspond to a real generator of the compact Eg or of the 
non-compact E 8 r 8 \, we have to define an involution (a different one for E 8 and £Ws))- Acting 
on the complexified Lie algebra Q it satisfies, 

u{[x,y]} — [ujx,ujy], u{Xx} = Xux, x,yEQ, A G C. (10) 

It is sufficient to define lj on the Chevalley generators e i: fi,hi. The real Lie algebra will 
then be defined by, 

Gr = {x <E Q\uox = x}. 
For the compact E$, we define the compact Chevalley involution u c as (p25 of ||64|| ), 

u c (hi) = -hi, u) c (ei) = -fi, u) c (fi) = -e.j, 
In particular, expressions like 

exp|zE c i^i|) Ci,...C 8 GR 
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are in the compact group. 

For the noncompact £8(8) , there are several ways to define u) n depending on whether the 
hi define compact or non-compact directions. We choose to define the involution oj n as 



Un(hi) = hi, UJ n (ei) = Ci, U n (fi) = fi, 



(11) 



In particular, expressions like 



expj^Cj/iij, ci,...c 8 eR, 



are in the noncompact group. 



(12) 



4.3 The Weyl group 

The Weyl subgroup, W, is generated by the reflections around the roots, 

a a (x) = x — (x, a) a, x G Ti*. 

Here, a is a root and x is in the space generated by the roots. Recall that (a, (3) = 2 ^'"-f , 
but we will always work with simply-laced groups for which (a, a) =2 for all the roots. For 
finite simply-laced groups and any two roots a and (5 one can find a G W with cr(a) = [3. 
The order of the Weyl group for E 8 is 2 14 x 3 4 x 5 2 x 7. 



4.4 NAK decomposition 



The maximally split real groups like SL(n, R) and E s rg\ have a decomposition into a nilpotent 
subgroup times an abelian subgroup times a compact subgroup. For example, an element 
g G SL(2, R) can be uniquely decomposed as, 



g = NAK 



I 1 aW„» 



1 



V 



o 

e~ x 



( cos6 sin6 ^ 
— sin 6 cos 6 



The SL(2, R)-invariant metric can be written as, 

ds 2 = tvig^dgg^dg} = -e'^da 2 + 2d\ 2 - 2{de + - e - 2X da) 2 . 

2 2 
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An element in the coset SL(2, H)/SO(2) can be uniquely represented as, NAK/K = NA. 
It can be parameterized by A and a. The metric is, 

ds 2 = \e~ 4X da 2 + 2d\ 2 . 

An element in the coset SL(3,~R)/SO(3) can be decomposed as NA with, 



N 



( 1 a b ^ 
1 c 

yo o i j 



( e x 



A 



X 



e- x -^ J 



The SL(3, R)-invariant metric can be written as, 



(13) 



ds 2 = 2d\ 2 + 2d\dfi + 2dfx 2 

Z Z Z 



(14) 



In general, for a real Lie-algebra defined by the involution uo n above, we can decompose an 



element g G G as, 



(15) 



where \ E H and C Q and B a are real. We can also normalize t a = uo n (T +a ). The compact 
subgroup K is generated by, 

expii £ B«(r +a -^ t (r+ a ))l. 

I a€A+ J 

To first order in c a and any order in A, we can calculate the G-invariant metric on G/K to 
be, 



ds 2 = \\d\\\ 2 + - ]T e- 2 ^ a UC 2 + --- 



(16) 



We will end this section with the formula for the SL(n, R) invariant Laplacian on the 
coset SL(n, R)/ SO{n). An element g G SL{n, R) can be written as NAK with K G SO(n) 
and, 

\ 



A 



1 C12 C13 • • • Ci in _i 
1 C22 • • • C2,n-1 



••• 



^ e"^ 1 
e^ 2 








y ••• j 



(17) 
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Here we denoted, 

n— 1 

= ~ E N- 

3=1 

The metric can be written as, 



ds 2 = ^{(A^dA) 2 } + Uv{A- 2 N- l dNA 2 dN T (N- 1 ) T }. 
The Laplacian becomes, 

l<i<j<n *J l<i<fc<j<n V l<2<i / uf ^kjV^ l j 
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5 The moduli space of M-theory on T 8 

In this section we will briefly review the relation between Em%\/ SO (16) and M-theory on T 8 . 
A comprehensive review appears in |41 , 42|, f43 |. 

5.1 The compactification radii 

Let us denote G = E 8 ^(H), K = 5*0(16) and T = E 8 r 8 \(Z). We will also denote the 
maximal abelian subgroup by A ~ SO(l, l) 8 , as before. The moduli space of M-theory on 
T 8 is r\G/K [Q. Using the G = NAK decomposition, the moduli-space can be written 
as T\NA. A sublocus of this moduli-space is given by compactification on tori which are a 
direct product, 

T 8 = S 1 x •■■ x S 1 , 

of circles of radii R% , . . . , Rg and with all 3-form and 6- form fluxes turned to zero as well as 
the duals of all vectors turned to zero. Let, 

Ri = e u , z = 1...8, (19) 

be the radii in 10+1D M-theory units. Up to an element in the U-duality group E 8 ^(Z), 
the corresponding point in the moduli space can be defined as having N = I. The element 
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in A can be taken to be, 

exp{si/ii + s 2 h 2 H h s 8 h 8 }, 

where hi is the element in 7i which corresponds to a( in (|7|) and the Sj are related to 
U = log Ri by, 



s% — ti — t 2 , s 2 — t 2 — £3, • • • , S7 — £7 — £§, s§ — tg + £7 + £8- 



(20) 



5.2 U-duality and the Weyl group 

The subgroup r^cT which preserves the condition N = I is the subgroup of the U-duality 
group that preserves the structure of an orthogonal T 8 with no fluxes. It is generated by the 
permutation group S$ acting on the 8 radii R$ and by T-duality which takes R\ . . . R$ t o 

(ReRjRsY^Ri, . . . (ReR7Rs) 1 ^ 3 R5, (RqRjRs)' 2 ^ 3 ^, {R&RiR^}' R7, {R(>R7R8)~ 2 ^ 3 R8- 

(21) 

The claim is (see that this subgroup T T is given by the Weyl subgroup W C G and 
also that actually W C K. By definition W is constructed as follows. Let M C G be the 
subgroup of all w G G which keep A invariant (wAw^ 1 = A). A is a normal subgroup of 
M and W = M/A. 

The vector, 

tz = (log.Ri, . . . , log-Rg), 

is a linear representation of the Weyl group. It can be checked that if an element w G W 
acts on the simple root ctj as A^a^ then it acts on u as BAB^ 1 where B is the matrix, 



B 



-1 
1 





-1 
1 


















-1 
1 























-1 
1 


















-1 
1 







-1 
1 



(22) 
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5.3 Harmonic functions and masses of BPS states 



M-theory on T d for d < 7 has U(l) charges in R 10 ^' 1 which are in a representation of the 
U-duality group E d ^(Z). There are also BPS states which are charged under these £7(1) 's. 
The mass formula that relates the mass of the BPS state to its charge and the point in 



the moduli-space was derived in [p7 |. M-theory on T is three-dimensional and does not 
possess U(l) charges in the usual sense. On the other hand, we can get and instanton by 
taking a 3+1D BPS state of M-theory on T 7 and letting it have a Euclidean world-line 
inside T 8 . Any given instanton makes sense when going to a particular limit in the moduli 
space £ , g(8)(R)/5'0(16) for which the action of the instanton becomes infinite. In that limit 
one can make an instanton expansion for the contribution of the instanton to certain low- 



energy quantities. In ||28|| , the instanton expansion for type-IIB was studied. It was proposed 
that certain terms in the effective 9+1D low-energy description have a coefficient which is 
a harmonic (up to a constant) function on the moduli-space parameterized by the complex 
dilaton r. In the limit Imr — > oo, the instanton expansion was recovered. This conjecture 
was generalized in to compactifications up to T 4 . Furthermore, in it 



was proved that the coefficients of the 16-fermion terms must be harmonic (up to a constant) 
in order for type-IIB in 9+ ID to be supersymmetric. 

Although the details of the corrections to the low-energy effective action of M-theory 
on T 8 have never, as far as I know, been worked out in detail, it is natural to believe 
that they too are given by a harmonic function on the moduli-space. Because this is going 
to be important later on, let us explain the details of how this works. We assume that 
-Eg(8)/5'0(16) is parameterized as NA (as above) and that A is parameterized by A G 7i* 
and N is parameterized by the C a 's. We will use the approximate expression (|T6|) for 
the metric. Pick a particular positive root a. For regions in the moduli-space for which 
— (A, a) ^> 1 the function, 

^({C a }, A) = e -^\n\e-^+2ninC^ ^3) 

is an approximate harmonic function. The U-duality group -Es(s) forces the identification 
Col ~ C a + 1 (when all other C^s are zero) and thus n is an integer. The factor fl23|) can be 
interpreted as the contribution of an instanton made by a brane which is wrapped n times. 
Let us go over the simple roots and see what kind of instantons we get. Using (|20| ) and ([?]) 
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we find that the 120 positive roots of Es(g) correspond to the following list. There are 28 
instantons made by KK particles with Euclidean world-lines. Their actions are, 

e U-tj = r.rj\ i < i < j < 8 . 

There are 56 M2-branes with actions, 

e ti+tj+t k = R iRj R kj i < { < j < k < 8. 

There are 28 M5-branes with actions, 

e t i+ t j+ t k +t l+ t m +t n = R i R j R k R l R m R m l<i<j<k<l<m<n<8. 

Finally, there are 8 KK-monopoles with actions, 

i=i 

The highest weight 9 = v i + v 2 corresponds to a KK monopole with respect to the first circle, 
with an action, 

R\ R 2 R3 R& R5 R& R7 Rs • 
For future reference, we will explicitly write the roots corresponding to a few states. 

e t 1+t2 +t 3 +t 4 +t 5 +t 6 _^ p' o = ai + 2a 2 + 3a 3 + 4a 4 + 5a 5 + 4a 6 + 2a 7 + 2a 8 = v x - v 8 {2A) 
e <7+ ^i tj — > «i + 2a 2 + 3a 3 + 4a 4 + 5a 5 + 3a 6 + 2a 7 + 3a 8 = v 1 + v 8 , 
e *8+Ei h -> f]' i = ai + 2a 2 + 3a 3 + 4a 4 + 5a 5 + 3a 6 + a 7 + 3a 8 

= ^( v i +v 2 + v 3 + v 4 + v 5 + v 6 + v 7 + v 8 ). (25) 

The first is an M5-brane and the last two are KK-monopoles. We will also need the roots 
corresponding to KK states along directions 1 ... 6, 

6 

e tk ~ t7 -> J2 a i = v k+ i-v 8 , k = 1...6, 

j=k 

e tk * 8 -> lk = Yl a 3 = V k+1 + 2~( V l -V2-V3-V4-V5-VQ+V1 + v 8 ) , k=1...6. 

j=k 

(26) 
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5.4 Chern-Simons terms and the structure of T\NA 

One of the effects of dividing by T = E 8 (Z) on the left is to make the variables C a periodic. 
In this subsection we will discuss the topology of the resulting manifold. Understanding 
exactly how the variables are periodic will be important later on and will play a crucial role 
in the discussion of electric and magnetic fluxes. In the discussion below we will restrict 



ourselves to simple cases. For a more comprehensive discussion on these issues see [35 



We start with the example of SL(3, R) from the previous section. In conjunction with 
the decomposition (|1"3D, let us take the following 3 elements of SX(3, Z), 

/iin\ / 1 n n \ ^ 1 1 ^ 

1 
1 



Ul 



1 
1 



u. 



1 
1 1 
1 



u 3 = U X U 2 U^U 2 X 



\ 



(27) 
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They act on a, b, c of ( |17D as, 



U\ : a—*a + l,b—>b + c,c—*c, 
U2 '■ a — > a, b — *■ b, c — > c + 1, 
U3 : a— > a, b— >b + l, c— > c, 

We see that modding out N by the subgroup generated by Ui, U2 gives a manifold which 
is not simply T 3 but can be described as an S 1 bundle over T 2 with a first Chern class equal 
to 1. The base T 2 can be parameterized by (a, c) and the fiber S 1 can be parameterized by 
b. 

In the general case, let a, (3 be two positive roots. Let 7 = a + [3. Assume that 7 G A + . 
Then there exists an element U a in the U-duality group that acts as, 



U a : C a — > C a + 1, Cp — > Cp, Cj — > C y + — CjQ, 



(28) 



Similarly, there exists an element Up that acts as, 



Up: C a — > C a , Cp — > Cp + 1, Cy — > C 7 — ~^pa.i 



(The factors of \ appear because, as defined, the C a 's appear in the exponent of fll5l).) 
The pair of coordinates (C a ,Cp) with the identification C a ~ C a + 1 and Cp ~ Cp + 1, 
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parameterizes a torus T 2 . If we define, 

C; = C, + ^C^, (29) 

then the phase e tC ^ ) is a section of a line bundle over the T 2 with c\ — 1. Note that 
we could just as well have chosen the (— ) sign in the second term in (]29]) . The sign is 
determined by the normalization of the generator r +7 according to whether r +7 = [r +a , r +f3 ] 
or r+ 7 = [r +/3 ,r+ Q ]. 

A special case of (^9]) is when C' is the phase associated with an M5-brane instanton 
wrapped on directions 1 ... 6. 

e t 1+t2+t . i+u+t5+tli — ¥ p> o = ai + 2a2 + 3as + 4ft4 + + 4ag + 2a7 + 2a ^ 

Let us take a and (3 to be the roots corresponding to wrapped M2-branes as follows, 

e u+t 5 +u — > a = a4 + 2a 5 + 2a 6 + a 7 + a 8 , 

e ti+t 2 +t 3 — > p = ai + 2a 2 + 3a 3 + 3a A + 3a 5 + 2a 6 + a 7 + a s . 

In this case the statement above is a special case of the observation made in |68| (and see 
also |69[) that the phase of an M5-brane instanton is a section of a nontrivial circle-bundle 
over the moduli-space of 3-form fluxes. 



5.5 The phase dual to the KK-monopole 

In the previous sections we argued that various partition functions can be obtained from a 
function on the moduli space of T 7 and the twists by Fourier transforming with respect to 
the phases. Specifically, we needed to hook the contribution of a KK-monopole with respect 
to the 8 th direction and filling directions 1 ... 7 together with Dehn twists in the 8 th direction 
as one goes along one of the directions 1 ... 6. Let us denote by a' the root associated with 
the phase corresponding to the KK-monopole, 

e *8+Si *j — > oi! = a\ + 2a 2 + 3^3 + 4^4 + 5^5 + 3a^ + aj + 3a$, 

and by f3' the phase corresponding to one of the Dehn twists, say, 

g*l-*8 > ft' = Q , 1 _|_ (y 2 _|_ (y 3 _|_ (y^ _|_ (y 5 _|_ a& _|_ 
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Now we calculate 7' = a' + (3' to be the phase corresponding to another KK-monopole, this 
time with respect to the 1 st direction and filling 2 ... 8, 

8 

+ tj = 7' = 2a:i + 3a 2 + 4a 3 + 5a 4 + 6a 5 + 4a 6 + 2a 7 + 3a 8 . 
1 

To find the instanton term we are looking for, we need to define, 

• • , </>, V, X, • • •) = 2(- • • , Co/ = V>, C/3' = 0, Cy = x + 2^0> • • ■)• 
We then have to Fourier transform to get, 

E(-. ■,&■■■) = Jdijdxe^E>(---,<p,ij,x,---). 

This function will contain the M5-brane instanton term with the correct dependence on the 
Dehn twist 0. 

5.6 The phase dual to the M5-brane 

A similar situation also occurs for the phase of the M5-brane. Let us take the phase Cp 
(defined in (K5|) that is dual to the M5-brane charge and let us take C ak to correspond to 
the Dehn twist of the 8"* direction along the k th (associated with the factor e tk ~ ta ). Then 
(3 k = /3' — a k is a positive root and Cp k is dual to the charge of an M5-brane wrapped on 
the 8 th direction and on directions 1 ... 6 with the k th circle excluded. As before, e Cp 'o is 
in a nontrivial line bundle over the (C ak ,Cj3 k ) torus. However, this time we cannot resolve 
the problem by integrating over Cpi since we need to insert the factor e ^0 which is not 
single- valued. 

The resolution is to set C@ k = instead. Now, Cp is single-valued (see ( p8|) with the 
definitions 7 = (3' , a = ak and (3 = flk). 

This prescription also has a geometrical reason. In the Taub-NUT metric corresponding 
to the KK-monopole, the 8 th circle shrinks to zero at the origin of the transverse space. The 
iV M5-branes are localized at that origin. An M5-brane that would wrap the 8 th direction 
would also shrink when it sits at the origin. This means that, in the presence of the KK- 
monopole, the charge dual to Cp k is not well-defined. Thus, the only way out is to set 
Cp k = so that there will be no ambiguity due to phases of the form e lC(i k .1 

3 I have benefited from a discussion with M. Krogh on a similar setting in a different context. 
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5.7 Electric and Magnetic fluxes 

As an application of (|29 ) we will show how to extract from 5 the sectors of gauge theories with 



electric and magnetic fluxes. The discussion below is related to the discussion in |54], 55 1 



The "partition-function" on T 4 (with Spin(4) twists) is not really a single function but 
depends on the gauge-bundle, in other words, the electric and magnetic fluxes. For U(N) 
SYM the fluxes are characterized by an element of H 2 (T 4 , Z) whereas for SU(N) SYM they 
are characterized by if 2 (T 4 , Zjy). We will be working with the U(N) theory. To extract 
from H the sectors with fluxes we just need to recall that inside a D3-brane p units of electric 
flux have the same quantum numbers as p fundamental strings in the same direction and p 
units of magnetic flux have the same quantum numbers as p Dl-branes in these directions 
(see || and |75| ). We now have two distinct ways to isolate the different sectors with fluxes 



from S. To isolate a partition function of a sector with p units of an electric flux along the 
I s * direction and the 4 th taken as time, we need the phase, 



014 



g(NSNS) 



14 

st cth 



that couples to an instantonic string wrapped on the 1 and 6 directions. This phase 
is one of the C a 's. We then have to Fourier transform and find the coefficient of e ipr714 . 
Alternatively, we can treat another direction, say the 2 nd as time, and isolate the phase 
corresponding to a Euclidean Dl-brane in directions 1,4, 

Recall that in the SU(N) case the two descriptions are related by a discrete Fourier transform 



771. In our case this follows from the two statements: 



• The partition function Zn{- ■ ■ , 0"i4, 0"i4, • ■ ■) is a section of a line bundle with c\ = N 
over the torus that is parameterized by (<7i4, ou). 

• Zn is a holomorphic in (T14 + io\±. 

Similar statements [^] hold for the (2, 0) theory partition function on T 6 considered as 
a function of the phases, 

' C 3 , 

ijk 
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of the 3-form flux of M-theory in the M5-brane realization of the (2, 0) theory. The partition 
function depends only on the self-dual combination of the 3-form fluxes. In all these cases, the 
fluxes correspond to C a and Cp while the phase corresponding to the M5-brane corresponds 
to C a+I 3. I don't know how to prove the statement about holomorphy but, hopefully, it 
follows from the conjectured harmonicity of 5 which we will discuss in the next section. 

There is also another analogous situation for the type-IIA little-string theory. The type- 
IIA U(N) little-string theory on R 5 ' 1 has a moduli-space of (S 1 )^ /SV- This moduli space is 
related to the compact scalars. The radius of S 1 is M s - the scale of the little-string theory. 
Now the "center-of-mass" , i.e. the average of the N scalars, is defined up to jjM s . This 
means that after compactification on S 1 , the theory will have topological sectors according 
to the winding-number of this center-of-mass coordinate around S 1 . This winding number 
is quantized in units of jjM s . If this S 1 is in the 1 st direction, then q units of this flux 
corresponds to having q D4-branes in directions 2 ... 6. On the other hand, if we take the 
I s * direction to be time, one can have, say, p units of flux that correspond to a charge of p 
DO-branes. This flux means that the canonical momentum dual to the center-of-mass of the 
compact scalars is jf. Now suppose we turn on a 1-form RR-flux <j\ along the I s * direction. 
In the notation of the previous sections, this RR-flux corresponds to a root of E 8 as follows, 

The partition function of the sector with p units of flux depends on <j\ via a factor e tpcri . 
On the other hand, in the D4-brane approach we use the RR-flux 023456 of a D4-brane in 
directions 2 ... 6. This phase corresponds to the root, 

e t2+t 3 +u+t 5 +te+t 7 _^ a „ = a2 + 2a 3 + 3a 4 + 4a 5 + 3a 6 + 2a 7 + 2a 8 . 

As before, a' + a" = j3' and the equivalence of the two approaches to calculating the partition 
function in the given sector follows as above. 



5.8 More on harmonic functions and instantons 



With the metric (|lq), the volume form is proportional to, 



y/9 = e 



-2<A,<5) 



^2 £ «• 
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It can be shown that for the simple roots cej, 5 satisfies, 

(S,ai) = 1, i = 1. . .r. 



The Laplacian can be written as 



f) 2 Pi f) 2 

The ellipsis indicates terms cubic and quartic in the C a 's and their partial derivatives. Let 
us denote the quadratic term by Vo, 

d 2 ,„9, „ _ d 2 



e 



2<A,a>. 



<9A 2 x '0A' 

Let us also set Vi = V — Vo- Pick a weight a. The function, 

^fW({C^}, A) = e <*>7>-27rne-< A '«>+27rmCc^ 

satisfies, 

V ^ = |47r 2 n 2 e- 2 < A ^(|«| 2 - 2) + 47me-< A ' Q > (a, 7 - 5 - |) + (7,7 - 25)} 

Thus, if a = aj is a simple root then we get solutions for Vo^a, = 0. The simplest is to 
set 7 = and we also find another solution for 7 = 25. It can also easily be seen that 
Vi^a = 0. Thus, we find the two solutions, 



-27rne-< A ' Q *> +2winC a 



2(A,<5) -2wne~ ( - x ' a i'> +2winC ai 

1 

Now, for any real root a, we can find an element of the Weyl group W that sends C ai to 
C a . If we apply it to \I /< - - ) or ^( 2<5 ) we obtain the functions and 4?%^ that correspond to 
the instanton dual to the phase C a . In the limit —(A, a) — > 00, these functions behave, to 
leading order, as, 

^({CJ,A)~(-.-)e- 2 ™ eHA ' Q>+2 ™ c ", 

Now let us take two distinct simple roots a = a,i and (3 = aj such that (a, /3) = and in 
particular, a + (3 is not a root (because |ct + f3\ 2 = 4). It can then be checked that, 

^y(O) ({(Tgj X) = e ~'2nne-^ X ' a ^-2nme-( X 'l 3 ^+2ninC a +2nimC l 3 
^j(28) ({(Tgj j\) = e 2(A,5)-27rne-< A ' Q >-27rme-< A '' 3 >+27rmC a +27rimC / 3 

(30) 
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are also harmonic. By applying the Weyl group (or U-duality) we obtain harmonic solutions 
corresponding to instantons made by combining the instanton dual to the phase C a with 
the instanton dual to the phase Cp. As an example take a = /3q, the instanton dual to the 
M5-brane and (3 = fli, the instanton dual to the KK-monopole. The functions ( BHD describe 
an instanton made out of the |-BPS state of an M5-brane together with a KK-monopole. 

Now let us explicitly demonstrate these formulas for the example of SL(3,H)/SO(3). 
This example contains three positive roots a, ft and a + (3 which are all the ingredients that 
we need so far. It is convenient to write the Laplacian in the variables of ([13]) with the 
redefinition bo = b — ac as, 

v = 2 -d x 2 - 2 -d x d, + 2 -d 2 -2d x 

+2e 2X ^d 2 + 2e 2X ^(c 2 + e 2X ^)d b 2 - 4e 2X ~ 2 »cd a d bo + 2e 2X+ ^d 2 . 
The SL(3, Z) transformation act as g — > g' = Ug. For the matrices 



U a 



(l 1 o\ 
1 

Vo o i j 



Uu 



f l i\ 
1 

v° l J 



1 1 N 
1 1 

V ij 



We have, 



U c : c — > c + 1, b — > b — a, 
U b : b -> b + 1, 
U a : a — > a + 1, 

We will be looking for solutions that are invariant under U a , Ub and U c , but later we will also 
use the transformation, 



a 
b 

c 

,-,A 



a 
b' 



e 2A-2 M + a 2 ' 



c' = b 



Vl + e 2 »- 2X a 2 
e x Jl + e 2 »- 2X a 2 . 



33 



generated by, 

I -1 \ 



u 



1 

1° l J 



First, we find the solutions, 



,7,(0) 27rinc-27rne A + 2 ^ 



\J/("+/3) 3A+27rmc-27rne A + 2 ' 1 

Using the transformation of U we can also generate, 

,jr(0) 2mnb-2-nne^+ 2x ^ l+a?e 2 »- 2X 

~ e ) 

\J/ (<*+/?) _ (1 -f a 2 e 2^-2A^-3/2 e 3/i+27rmfe-27rnef 1+2A v/l+^e^'-aA 

If we apply we find, 

^(0) 27rm6+27riA:c-27rA/n 2 e 2 ' 1 +4A + (fc +na )2 e 4 M +2A 
^(a+/3) _ ^ _|_ ^ _|_ ^^2 e 2^-2A^-3/2 e 3^+27rmfe+27rifcc-27r v /n 2 e 2 M+4A + (fc +na )2 e 4 M +2A 

In general, let a and /3 be two roots such that 7 = a — (3 is also a root. Let us pick one of 
the directions of T d to be a Euclidean time. Let us assume that the instanton that comes 
with the phase e tCa can be thought of as a BPS state with charge Q a and a Euclidean world 
line along that direction and let us assume that e tCl) is associated with a similar instanton 
with charge Qp and the same Euclidean world-line. For example, a and j3 could correspond 
to two KK states that come with an action of, say, e* 1- * 2 and e* 1- * 3 , or any of their U-dual 
descriptions (two M2-branes, two M5-branes, an M2-brane and a transverse KK momentum, 
and so on). 

Under the assumptions, there is a BPS state with charge kQ a + nQp and it will come 
with a phase e mC <*+ lkC i3 . The instanton action is, (n 2 e~ 2 ( x,a *> + A^e" 2 ^'^) 1 / 2 . We have seen in 
subsection ( |5.4| ) that we should set C 7 = 0. Indeed, the function \ found above behaves 
like, 

e 2ninC a +2nimC -2n-y/ 'n 2 e~ 2 ( X ' a ) +fc2 e -2<A,/3> /g-Q 

when we substitute b = C a , c=Cp and set a = C 7 = 0. A detailed analysis of the instanton 
terms of M-theory on T 4 appears in |29 . 

34 



To conclude this section, we see that the harmonic equation has the potential of encoding 
all the BPS states as well as states with less supersymmetry like the t-BPS states. We will 
later conjecture that the harmonic equation actually encodes more than that. 

6 Some facts about infinite dimensional Kac-Moody 
algebras 

When we go to dimensions lower that 2+ ID, the natural generalization of the moduli-spaces 
are, formally, spaces built out of Eg and E w . 





a_i OLq Ot\ «2 «3 «4 «5 «6 CK7 «o OL\ «2 «3 «4 «5 OLq OL7 

In the present paper, Eg and E\o are not related to an extension of the notion of moduli- 
space. Nevertheless, understanding the structure of these spaces is crucial to the construction 
of the conjecture since they are related to the domain of the Master-function H. 

In this section we will review some facts about infinite dimensional Kac-Moody algebras. 
Most of the information is taken from ||64j| . The infinite dimensional Lie algebras in which 
we will be interested have simply-laced Dynkin diagrams so we will restrict to that case as 
well. 



6.1 Definition 

The definition of the Lie algebra is as follows . One starts with a finite symmetric Cartan 



matrix A = {a^} such that all the diagonal elements an = 2 and the nondiagonal elements 
are negative integers. Here i,j = 1 . . . r where r is the rank (= 10 for E\q). One then picks 
independent vectors a\, . . . , a r e H — C r+P where p is the dimension of the kernel of A. For 
Eio we have p = and for Eg we have p — 1. One also defines the dual space H* which 
is also isomorphic to C r+P and picks vectors , . . . , a^. G H*. One defines the Kac-Moody 
Lie algebra g{A) with the generators e^, /j (i = 1, . . . , r) and H, by the following relations 
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(theorem 9.11 on pl59 of |4|): 

[eu fj) = Sija^, [h, ei) = (a h h)e i} [h, fo] = -(a h h)f h 
[h : ti] = 0, (ad eif-^ej = 0, (ad 0'^ fj = 0, 
= l,...,r, i^jh,h'e H*). 

(32) 



6.2 Real and imaginary roots 

There are several standard properties of finite dimensional Lie algebras which do not go over 
to the infinite dimensional case. We will now review some of these. 

Let A C H be the set of roots and let A + be the set of positive roots. One defines the 
Weyl group W as the group generated by the r reflections <x; of H* around the r simple roots 



ctj. Also, one defines a bilinear form (-|-) on H* according to (pi 7 of fTf ), 

Let us also denote the norm \a\ 2 = (a\a) which is defined on the real vector space ©[ =1 Rojj, 
and let us define the lattice Q = ®[ =1 Zo!j C H* as the set of all points in H* that can be 
written as a linear combination of the simple roots with integer coefficients. 

Some facts about infinite dimensional Kac-Moody algebras (which are not the case for 
finite Lie algebras) are (p55 of [|64| ): 

• The bilinear form (-|-) is not positive-definite. 

• The Weyl group W is infinite. 

• The set of roots A is infinite. 

• For every positive root a G A + there exists 1 < i < r such that a + is also a root. 

A root a G A is called real if there exists w G W such that w(a) is a simple root (p59 
of 13). A root a G A that is not real is called imaginary. Finite dimensional Lie algebras 
have no imaginary roots. The properties of imaginary roots are very different from the real 
roots. Let us summarize some facts about imaginary roots from (recall that we discuss 
only the simply-laced cases): 
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• A root a is imaginary if and only if (a\a) < (p61 of |64||). 

• If a is an imaginary root and p G Z — {0} then pa is also an imaginary root (p63 of 

H). 

• For an imaginary root a there exists a unique root (3 which satisfies (/3, a() < for all 
z = 1, . . . , r and which is W-equivalent to a (p61 of [|64||). 

• An imaginary root doesn't necessarily have to have a multiplicity of one. 

For afline and hyperbolic Kac-Moody algebras one can be even more specific. A Kac- 
Moody algebra is called affine if its Cartan matrix A is positive semidefinite of rank r — 1 
( P 49 of 0). 

A Kac-Moody algebra is called hyperbolic if the Cartan matrix A is of indefinite type 
and any connected proper subdiagram of the Dynkin diagram is either finite or affine (p56 
of [Q). The Kac-Moody algebra E\q is an example. For simply-laced affine Lie-algebras, 
H* has a one- dimensional subspace of vectors with zero norm in the (-|-) metric. The set 
of imaginary roots is given by u5q for n a nonzero integer and 5q G H* is the minimal 
vector which satisfies |<5o| 2 = (p64 of |64]]). For a simply-laced hyperbolic Kac-Moody 



algebra the set of all imaginary roots is equal to the set of all nonzero a G Q C H* with 
| or | 2 < (p67 of |64[]). Also, for a finite, affine or hyperbolic Kac-Moody algebras, the group 



of automorphisms of the lattice Q C H* which preserve the bilinear form (-|-) is a semidirect 
product of the group of automorphisms of the Dynkin diagram, parity transformation, and 
the Weyl group W (p68 of @). 



6.3 Eg as a current algebra 



Affine Lie-algebras can be realized as current- algebras. We will describe this for Eg (see |64 
for the generic case). The Dynkin diagram of Eg is obtained by adding an extra node to the 
Dynkin diagram of E 8 . Let ao be the corresponding simple root. The root 5q appearing in 
the characterization of imaginary roots, in the subsection above, is equal to, 

5 = a + 8, 

where, 

9 = 2ai + 3a 2 + 4a 3 + 5a 4 + 6a 5 + 4a 6 + 2aj + 3a 8 , 
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is the root of Eg with highest weight. The generators of Eg which correspond to the positive 
real roots are given by the current- algebra form, 

J +a , J+„ a , «6Af, neZ + , 

where is the set of positive roots of E 8 . The corresponding weights are, 

a, a + n5o, —a + nSo- (33) 

The simple root ag corresponds to the generator J+f and the other simple roots correspond 
to the generators Jq . 

The imaginary roots corresponding to n5g are J+ n with a = 1 ... 8 corresponding to the 
Cartan sublagebra of E%. The multiplicity of each of these roots is r = 8. The multiplicity 
of the real roots is 1. 



7 The physics of Eg and Eiq 

Now we will return to Eg and Eiq and study the roots in relation with the physics of M-theory 
on T 9 and M-theory and the twists. 



7.1 "M-theory on T 9 " 

Adding another node ao to the Dynkin diagram of E$ corresponds, physically, to adding a 
9 th radius, Rg and adding a corresponding so in ( p0[ ) such that, 

So = tg — t\. 

The imaginary root 5q would algebraically correspond to an instanton with an action, 

V = e tl+ - +tg = Vol (T 9 ). 



Let us take a small detour to discuss M-theory on T 9 . See also [27| for related issues. M- 
theory on T 9 is a two-dimensional theory and its low-energy limit is not a free theory. Thus, 
the usual questions about the S-matrix and the Wilsonian effective action cannot be asked. 
On the other hand, V~ l plays the role of a coupling constant. Note that V is invariant under 
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U-duality and in the limit V — > oo the theory is described by a weakly coupled cx-model [7D |. 
Although V is a fluctuating field, it makes sense to ask about higher order corrections to the 
a- model action in the limit V — > oo.@ The existence of real roots with weights h5q ± a fl3"3|) 
suggests the existence of corrections that behave as (• • -)e~ vn . (Recall from subsection ( |5.8[ ) 
that only roots with norm 2 correspond to instantons and only the real roots have norm 2.) 



7.2 "M-theory on T 10 " 

We will now list a few real roots of E±o and their related instantons. The notation we use 
for the simple roots is a%, . . . , a 8 for the £Ws) generators and then a and a_i for the two 
added nodes. It is actually more convenient to change the definition of the simple roots such 
that a_i will correspond to the phase that couples to an instanton with action e* 1- * 2 . It is 
convenient to make a change of bases in the root space R 10 and define, 

a k = Ok+2 - Ok+s, k = -1 ... 7, a 8 = 6 8 + 6 9 + 1O . (34) 

A root, 

10 

a = J2 m k0k, 

k=l 

corresponds to an instanton with an action of e^" 1 *'*. The metric in the new basis is, 




In this basis, the root lattice is given by all J2l°=i m k^k, such that J2l°=i m k £ 3Z (i.e. divisible 
by 3). 

Later on we will need the following three instantons. The first is an M5-brane wrapping 
directions 1 ... 6 that is given by f3' as in (0), but since ot\. . .a.% have changed we have to 
rewrite it in terms of the new roots, 

e t 1+t2+t3+t4+t5+t(> ^ p o = 9i + 92 + d2 + 93 + 94 + d5 + 96 

= ac-i + 2« + 3«i + 4a 2 + 5«3 + 6«4 + 60:5 + 4«6 + 2a 7 + 2ag- (35) 

4 I have benefited from discussions with S. Sethi on some of these issues and hope to explore this subject 
further in collaboration with S. Sethi. 
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A KK-monopole with respect to the 8 th circle and wrapping directions 1 ... 7 is given by f}[ 
as defined in (1251). In the new variables it is, 



7 7 



1 

= a_i + 2ao + 3ai + 4a?2 + 5^3 + 60:4 + 7ct5 + Qa^ + 3aj + 3a$. (36) 

If we reduce along the 10 th direction to get type-IIA, we can write the instanton which 
formally corresponds to a D8-brane wrapping directions 1 ... 9, 

1 

= a_i + 2a + 3«i + 4a 2 + 5a 3 + 6a 4 + 7a 5 + 4a 6 + a 7 + 4a 8 . (37) 

Since all these instantons are U-dual to a KK-particle, and since U-duality is related to 
the Weyl group W, as we explained above, it follows that all these roots are real roots. We 
calculate, 

|A| 2 = |/3 2 | 2 = |A)| 2 = 2, (A),/?i)=0, (#,,&) = -2, (/?i,/? 2 ) = -3. (38) 

We will also need the roots which correspond to the Dehn twists of the 8 th direction as one 
goes around the j direction for j = 1 ... 6. This root also corresponds to an instanton 
made of a KK-particle along the 8 th direction with a world-line along the j . They are, 

5 

7i = 0.-0 8 = £ a k , j = 1...6 (39) 

k=j-2 

Similarly, we take the roots which correspond to Dehn twists of the 10 th direction as one 
goes around the j th direction, 

7 

1 '. = e j -e 1Q = «*> j = i...6. (40) 

k=j-2 



These roots satisfy, 



hi, 7,) = W, ij) = 1 + Sij, (7i, lj) = Sir ( 41 ) 
(A,, Ti ) = l, (A,7i) = -1, (ft,7j)=°> 

(A,, 7 p = -1, (A, i 3 ) = -1, (ft, 7^) = 2. (42) 
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Note that fa — 7^ is a combination of simple roots with positive integer coefficients. Since 
\fa — 7j| 2 = 0, it follows from the characterization of the roots of hyperbolic Kac- Moody 
algebras in subsection ( |6.2| ) that fa — l\ is an imaginary root. Moreover, fa — 2^ is also a 
root and in fact corresponds to a D8-brane when the j th direction is being used to reduce 
from M-theory to type-IIA. Similarly, we check that \fa + fa\ 2 = and \fa + fa\ = —2. Thus, 
fa + fa and fa + fa are imaginary roots. 

8 The conjecture 

Now we are ready to formulate the conjecture mathematically. The physical idea is that we 
take the partition function S which is a function of Ei (Z)\E w (T{,) /K. We replace i? 10 (R) /K 
with the probably equivalent NA decomposition into a product of a nilpotent and an abelian 
element. The Group A is identified with 5*0(1, l) 10 and we denote the element of A as, 

diag(e il ,e* 2 ,- -^e* 10 ). 

We wish to extract out of S the twisted partition function of the little-string theory of N 
NS5-branes compactified on T 6 with radii r 1; . . . , r 6 . We will also take Rj = \j/a to be the 
radius of a circle for reduction of M-theory to type-IIA. We first identify, 

t k = \ogR k = \og(\- 1/3 r k ), k = 1 . . .6, t 7 = log i? 7 = log(A 2/3 ). 

Let us assume that the SU(2) x SU (2) twists are given by 

(e^ fc , e<) e SU{2) x SU(2), k = 1 ... 6. 

It is convenient to think of an auxiliary T 10 with sides of lengths tj = log Rj (j = 1 . . . 10). 
Nevertheless, we stress that M-theory on T 10 is not a well-defined notion (at least it is not 
clear to me what are the calculable quantities for M-theory on T 10 ). We wish to identify uo k 
as Dehn twists of the 8 th circle (of radius R$) around the k th circle. Similarly, we wish to 
identify \{oJk + u' k ) (the reason why this combination and not just uj' k appears here will be 
explained shortly) with Dehn twists of the 10 th circle around the k th circle (k = 1 ... 6). 

As we explained in section |375| (following j48|) the identification of u k with the Dehn twist 
of the 8 th direction can be achieved by immersing the M5-brane inside a KK-monopole with 
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respect to the 8 th direction. We need a similar construction that will allow us to identify 
\{ojk + uj' k ) with the Dehn twists of, say, the 10 th circle. It seems that the natural thing to 
try is to immerse the construction, that we have so far, inside a "bigger" brane. In this case, 
we will take what would be called a D8-brane if M-theory were to be reduced to type-IIA 
along the 10 th direction. The corresponding instantonic object was described in equation 
fl37|) . I do not have a "geometrical-proof" for this construction and the conjecture is based 
on the fact that algebraically this looks analogous to the way we realized the twist Uk with 
the help of the KK-monopole. A "geometrical-proof" is harder to construct because we are 
not interpreting E\q as the "moduli-space" of M-theory on T 10 . Moreover, a D8-brane of 
type-IIA is not an object that can exist on its own. It needs orientifold planes to stop the 
dilaton from exploding f7"Ifl . Having said that, one could still argue, heuristically, as follows. 
Recall that a D8-brane changes the gradient of 1/A S . Suppose we start with a situation for 
which X s = Aq is constant to the left of the D8-brane and then increases to the right of the 



D8-brane. As explained in [71] the dilaton will reach a singularity after a finite distance from 
the D8-brane. Suppose that we try to push this distance as far away from the D8-brane as 
we can. We can try to take the limit Ao — > 0. Now let us go back to M-theory. A s is related to 
the radius of the 10 th circle and in the heuristic construction above, it seems that this radius 
is zero at the position of the D8-brane and increases away from it to the right. Furthermore, 
rotations of the 10 th circle indeed seem to be identified with the transverse SO (2) rotations 
corresponding to \{oJh + w' k ). We will, however, not put much emphasis on the geometrical 
argument and stress that our motivation is algebraic. (The argument given above does not 
quite agree with the lifting of the exact metric derived in J7I| to 11D.) 

The final step is to extract from S the contribution of an instanton made by (formally) 
wrapping N M5-branes on directions 1 ... 6 and adding to it a KK-monopole with respect 
to the 8 th circle wrapping directions 1 ... 7 and finally a D8-brane of type-IIA wrapping 
directions 1 ... 6, 8, 9. The contribution of this instanton is isolated by Fourier transforming 
with respect to the appropriate phases. We will explain in detail how to treat the various 
phases below. Finally we take the limit, 

^6; ^8) £9 — > oo 

and £7 —>■ keeping r\ . . .re fixed as in M. At the same time, we must decide what limit to 
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take for tio- We will address that issue later. The instanton contribution will have the trivial 
factor because of the tensions of the M5-branes, KK-monopole and D8-brane. Naively, this 
factor looks like the sum of the tensions, 

exp{-iVe* 1+ " + * 6 - e 2 *s+*i+--+ i 7 _ e 3tio+ti+-+t 9 i 

However, since (P2, Pi) 7^ and (/3 2 , flo) 7^ this is not an approximate harmonic function 
and this factor will have to be modified. We will return to that point in subsection flS.2|) . 
The conjecture is that after we clean the (modified) factor, we get the desired partition 
function of the twisted little-string theory. This partition function encodes, among other 
things, the spectrum and S-matrix of ordinary non-supersymmetric Yang-Mills theory as 
explained above. 

The reason for defining the Dehn twists of the 10*^ circle to be \{u)' k + Uk) and not 
just uj' k is that, as we interpreted H in the previous sections, The 5*0(2) which generates 
translations of the 10'^ direction is interpreted as embedding SO(2) in the diagonal SU(2) 
of 577(2) x SU (2) = Spin(A) such that the vector 4 of Spin(A) decomposes as 2 + 1 + 1. This 
is because this 50(2) was interpreted as rotations of 2 out of the 4 dimensions transverse to 
the NS5-brane. 

8.1 The phases 

What do we do with the other C a phases that do not participate in the construction? As we 
have seen in section ( |5.4| ), if H is periodic in C a and C$ for some a and (3 corresponding to 
generators r +a and t +i3 then e %Ca+l3 that corresponds to T +<ya+ ^ = [r +a , r +/3 ] is a section of a 
nontrivial line-bundle over the torus parameterized by (C a ,Cp). To extract a single- valued 
function we can do one of two things: 

• We can integrate over the fiber C a+ p to get a periodic function on the base parameter- 
ized by {C a ,Cp) or, 

• We can set Cp = to get a single-valued function on the torus parameterized by 
(C a , C a +p). 

In the procedure outlined above there are phases C a that we have to keep periodic. These 
are the uj^ and u' k twists, the Dehn twists of T 6 , and the phases dual to the M5-brane, KK- 

43 



monopole and D8-brane. Let L\ C A + denote this finite set of roots that we need to keep 
periodic. The prescription for the other phases will be, 



• The phases corresponding to roots in L\ are reserved for "special treatment." 

• If (3 is a positive root that can be written as (3 = 7 — a for a, 7 G Li, then Cp should be 
set to zero. This procedure should be repeated inductively. Thus, C / 3 _ 27fe , for example, 
is also set to zero. 

• All other phases should be integrated. 

Note that in the infinite dimensional Lie-algebra there are some roots that appear with a 
multiplicity higher than 1. We have been using the notation C a rather sloppily because in 
such a case there are more than one C a but it is easy to extend the procedure to such cases. 

Let us denote by B the space of £1 ... , t w together with the phases in L x and the phases 
that are set to 0. B is a finite dimensional manifold. 

Now let C a and Cp be two phases such that we have to integrate over C a+ p. If now C a+ 2p 
is also a root then we should integrate over it as well. In the case of an infinite Lie-algebra 
this procedure could continue ad infinitum but, for generic points in Ai, the size of the circles 
corresponding to a root C 1 decreases exponentially as we go to higher 7's and the process 
could be convergent. 

There is actually an advantage in integrating over all but a finite number of phases. 
Later on we will conjecture that S is harmonic. Recall from subsection (|5.8| ) that some 
of the approximate solutions to the Laplace equation contain a factor of e^ x ^ where 5 is 
the sum of all the positive roots. For an infinite dimensional Lie-algebra such a factor will 
diverge. However, if we integrate on an infinite number of phases we are going to get back 
a contribution of e~^'°^ for each C a that we integrate (this is just the size of the circle) and 
the divergence will cancel. 

With fla, (3i, fa, 7fc, j' k defined in ( p5j|36| , p7i|39| , ^0|) , let us denote the periodic phases, 



Let us also set, 
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8.2 The variable t 10 



We have to decide what to do with the variable ti . The two possibilities to consider seem to 
be either £i — > oo or t w — > — oo. I do not have a good argument for this, but it seems that 
the correct thing to do is to take ti — > oo. This is analogous to taking t 8 — > oo to decouple 
the KK-monopole. On top of that, the erratic behavior of Sg or S7 alluded to in section ( |3.4|) 
could be attributed to the limit t w — > 00. Thus, we conjecture that H is well-behaved but 
when Sg is extracted from H we need to Fourier transform with respect to an appropriate 
phase and then multiply by the factor e 3 *io+ti+...+*9 w uich blows up in the limit t w — > 00. 



8.3 Conjecture 1 

We propose that there exists a unique function H defined on £ 10 (Z)\NA such that the 
partition function Z^ki^i, ■ ■ ■ , r 6, ^1, ■ ■ ■ , u[, . . . , u' 6 ) of the little-string theories of N NS5- 
branes at an Ak-± singularity with Spm(4)R-symmetry twists e luJj <g> e luJ j G SU(2) 
SU (2) = Spin(4) (j = 1 . . . 6) can be calculated from H as, 



ZN,k(n, . . . , r 6 , ui, . . . , u s , u[, . . . , u'q) = 

JVe*i+-+*6 e ke 2t s+H + - ••+*7 +e 3tio+*i+- -+*9 

|- • -J d<pd?pdxe lN ^ lk ^ log -(h = logi?! - . . .,t 6 = lo gj R 6 - lt 7j 

t 7 , . . . , t w , 4>, if), x, wi, . . . , w 6 , w£ • • .u>6, • ■ •)■ (43) 

This formula extracts the contribution of the M5+KK+D8 instanton we discussed above. 
The /• • • and the ellipsis in logS denotes what we do with the other C a 's. As we explained 
above we set some of them to zero and we integrate over others. 

In particular, for k = 1 we conjecture that we get the twisted partition functions of the 
little-string theories of pi. 

8.4 Conjecture 2 

Based on the fact that the leading contributions (i.e. the brane tension and phase) to 5 seem 
to be harmonic we conjecture that H is a unique harmonic function defined on £ , 10 (Z)\NA 
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which goes to zero in the various classical limits. This conjecture is also based on the bias 
that this seems to be the simplest equation that H could satisfy! 

Note that if we integrate H over the phases as in the prescription in subsection |8.1| 
we are left with a harmonic function defined over the finite dimensional manifold B (see 



subsection |8.1| ). The prescription above was to actually integrate logS and not H itself. 
Nevertheless it would be interesting to see how harmonic functions over B behave. Since 
B contains iio it could be that the boundary conditions are not specified uniquely and it 
is only when we include all the other infinite number of phases and use the restrictions of 
E W (Z) we get well-defined boundary conditions. In this context, we would like to mention a 
possibly related idea discussed in jT2) and a proposal of E. Witten about Eg(Z) (see footnote 
in [72|).i The proposal was that the U-duality group Eg(Z) for M-theory on T 9 which 
contains elements that exchange canonical coordinates with canonical momenta (recall that 
in 2+1D the U-duality group contains elements which transform scalars to duals of vectors 
and therefore in 1+1D there are elements which transform scalars to their duals) might 
be strong enough to ensure that there is only a single wave function that satisfies all the 
constraints! 



9 Discussion 

We have proposed two conjectures. The first is that there exists a well defined function 
over a coset of the group manifold of E±o which encodes all the partition functions of gauge- 
theories, (2, 0) and little-string theories. The second conjecture was that this function satis- 
fies Laplace's equation with respect to the E^Q-invariant metric. 

We would like to conclude with a few suggestions for extensions of the conjectures: 




• Heterotic string theories and DEis 



5 I am grateful to E. Witten for telling me about this. 
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A natural generalization of the construction to the heterotic string theories on T 9 with 
twists seems to be to replace E w with the Kac-Moody algebra based on the Dynkin 



diagram DEi% in the picture (see p57 of |64j] for the notation). This Dynkin digram is 
not hyperbolic so the characterization of the root lattice in subsection ( |6.2j ) could be 
more complicated. The conjecture is that a harmonic function on the coset of DEi S will 
encode the partition functions of the (1, 0) little-string theories || and the (1, 0) 5+1D 
CFTs with global E% symmetry on T 6 . It will also encode the (2, 0) and little-string 
theories on K 3 x T 2 . 

Minkowski metric 

In the discussion in previous sections we have not been quite specific as to whether 
the space-time metric is Euclidean or Minkowskian. In principle, M-theory requires a 
Minkowskian metric because it contains real 10+1D fermions. In our setting we should 
take the time direction to be inside the compactified T 9 . In general, if I of the internal 
directions of T d are time-like, the moduli space is replaced by (see a recent discussion 
in0), 

E d{d) (Z)\E d{d) (R)/K', 

where K' is a noncompact version of the compact group K. For example, 

d = 4 K = SO{4) K' — SO(4 — I, I) 

d = 5 K = SO(5) x SO(5) K' = SO(5 — 1,1) x SO(5 — I, I) (44) 



Calculable partition functions in general 

More generally, we would like to ask whether harmonic functions on other infinite di- 
mensional Lie algebras (and in particular those of Kac-Moody type) encode information 
about other vacua of M-theory. Related to that is the question: "what are the quan- 
titative questions in M-theory?" In general we can ask about the partition function 
given some boundary conditions. The question about the S-matrix of gravitons is of 
this nature and the AdS/CFT correspondence M with the interpretation of |5|, U is, of 
course, the most concrete and known example. In fact the questions about the S-matrix 



can be derived from the AdS/CFT correspondence | 75| . The questions we were asking 



in this paper are also of this nature because the twists can be defined as the boundary 
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conditions at infinity. We would also like to mention another example of a quantitative 
question which encodes the answer to field theory questions. This is the correspondence 



found in |[23||-|2B| between Chern-Simons theories and string theory partition functions. 



Let us also suggest a few topics for further research: 

• The U-duals of twists 

Independently of whether conjecture (2), or even conjecture (1), is right or wrong, we 
have seen that M-theory on T 7 contains interesting types of Spin{4) twists which are 
U-dual to the geometrical ones. In particular we would like to recall the twist by the 
KK-monopole charge which might have an interpretation in terms of some generalized 
geometry. 

• The spectrum of the little-string theories 

The question of whether the little-string theories are well-defined or not has been the 



subject of some debate recently (see |5(J). In this paper, we were operating under 
the assumption that the partition function of the little-string theory on T 6 with Spin(4) 
twists is a well-defined function. However, unlike the (2, 0) theory on T 5 (with twists), 
it seems that the little-string theories on T 5 do not have a discrete spectrum. This 
interpretation seems to be consistent with the results of |7| . Thus, the partition function 
on T 6 could be well-defined but not have a discrete Fourier transform with respect to 
time. 

Electric/magnetic fluxes and confinement 

If we had the partition functions for generic twists, we could check confinement by 

checking the behavior in the sector with electric flux. For example, the (2, 0) theory 

compactified on S 1 x S 1 with radii <C R$ and with a generic twist along i? 6 (and 

zero twists along the other directions) can be approximated by ordinary Yang-Mills 

theory at energy scales below Rq 1 (according to the conjecture in [fE|). At that scale 

the coupling constant will be of the order of, 

4vr _ R 6 

It will then flow with the /3-function of Yang- Mills theory, 
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and so the QCD scale will be, 

Thus, the partition function in the sector with one unit of electric flux along R\ (with 
R taken as time) should behave as (see f77j), 

{RtRo 1 
-/(o; fl ,a/ 6 )-^e j , 

when, 

Ri,Ro > Ree^^, R & > R 5 . 

Here f(ue,u' 6 ) is an unknown function of the twists. It determines the prefactor in A. 
It would be interesting to see if this function arises as a limit of a harmonic function 
on E 10 . 

• Gravity 

Can we get information about gravity from E w 7 Although I do not have a precise 
prescription, it seems that Z in ([!]) should encode the information about the S-matrix 
of gravitons. If conjecture (1) is true, it would be interesting to make this more precise. 

• Definition of the Laplacian on E\q 

Finally, there might be some subtleties involved in the definition of the Laplacian on 
the infinite dimensional coset M. = -Eio(Z)\i?io(R)/K. Although this is not the first 
time infinite dimensional manifolds are encountered in physics, and even the kinetic 
part of the Hamiltonian of a field-theory is a Laplacian on the infinite dimensional 
configuration space, we need to have a precise definition. In our case there are two 
facts that could be important for the definition. As we have seen, one can separate the 
variables of M. into 10 noncompact ones and the rest (which are infinite in number) 
are compact circles. Each circle corresponds to a positive root of the Lie algebra. For 
a generic fixed value of the 10 noncompact variables, and given an arbitrarily small A, 
the number of circles with radius bigger than A is finite. 
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